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A B S T R A C T

Granular flows, such as debris flows, are commonly arrested by using deformable barriers, but their designs rely
heavily on empiricism. The fundamental impact mechanisms between a granular flow and a deformable barrier
have yet to be elucidated. Thus, estimating the impact load on deformable barriers remains a key scientific and
engineering challenge. In this paper, the material point method (MPM), with the Drucker-Prager yield criterion
associated with a linear elastic model is calibrated against physical model tests. The effects of barrier deform-
ability on the impact force induced by a granular flow are examined. For simplicity, a vertical and deformable
cantilever barrier with different flexural rigidity is simulated. The dissipation of energy of a frictional granular
assembly subjected to shear is considered in the simulation. A threshold 3EI/H3

norm = 6.3 × 10−5 (normalized
by the stiffness of a typical 1-m thick reinforced concrete cantilever barrier) is identified in this study to de-
marcate between rigid and deformable barriers. A maximum deformation of only 3% of the total barrier height
and corresponding reduced relative velocity are enough to attenuate the peak impact load by 40% compared to a
rigid barrier. Around 85% of the dissipated energy occurs during the pile-up process, the interaction between the
incoming flow and deposited material along the slip interface is effective in dissipating flow kinetic energy.

1. Introduction

Rapid granular flows, such as debris flows and rock avalanches, are
among the most destructive geo-hazards that occur in mountainous
regions. Various protective structures, including check dams, reinforced
concrete barriers and flexible steel net barriers, are commonly installed
along predicted flow paths to arrest these geo-hazards [1,2]. Barriers
can be characterized as either rigid or deformable [3]. The dynamic
interaction between granular flows and an obstacle is a complex sci-
entific problem because of the rheological behavior of granular material
subjected to shear. This means that an appropriate constitutive model is
required to capture its complex shear response. Without a clear un-
derstanding of the fundamental mechanisms of interaction between
granular flows and barriers, engineering design cannot progress from
empirical-based to semi-empirical approaches.
The most commonly used approach to estimate the impact load is

the force approach [4], which utilizes the hydrodynamic equation to
predict impact force F induced by the flow:

=F v cos hwf
2 (1)

where is an impact coefficient; is the bulk density of the flow with a
suggested minimum value 2200 kg/m3 [4,5]; vf is the velocity of the

flow before impact; h is the flow depth before impact; w is the channel
width and is the impact angle between the flow and barrier surface
normal. If is unity, then the impact scenario is considered inelastic.
Conversely, if is two, then the impact scenario is considered elastic,
constituting a theoretical upper bound scenario. The contact area in
Eqn. 1 is idealized and assumed to remain unchanged during the impact
process. However, in reality granular materials induce both static and
dynamic loading with a load distribution and impact area governed by
the prevailing impact mechanism. To ensure a robust barrier design,
international guidelines often prescribe even higher values to account
for the idiosyncrasies of natural materials and settings involved during
an impact, and the complex impact mechanisms that Eqn. 1 cannot
capture. For example, Kwan [4] recommends an of 2.5 for the design
of rigid reinforced concrete barriers and an of 2.0 for the design of
flexible barriers for resisting debris flows. Aside from the force ap-
proach, the energy approach proposed by Kwan is also used for design.
The energy approach assumes that the flow kinetic energy is entirely
absorbed by the barrier. However, Ng et al. [5] carried out centrifuge
tests on a deformable barrier and reported that only up to 15% of the
flow kinetic energy is absorbed by barrier deformation, the rest of the
energy was predominantely dissipated via internal grain shearing.
Various experimental and numerical studies have been conducted

https://doi.org/10.1016/j.compgeo.2020.103445
Received 30 July 2019; Received in revised form 19 November 2019; Accepted 6 January 2020

⁎ Corresponding author.

Computers and Geotechnics 121 (2020) 103445

Available online 28 January 2020
0266-352X/ © 2020 Published by Elsevier Ltd.

T

http://www.sciencedirect.com/science/journal/0266352X
https://www.elsevier.com/locate/compgeo
https://doi.org/10.1016/j.compgeo.2020.103445
https://doi.org/10.1016/j.compgeo.2020.103445
https://doi.org/10.1016/j.compgeo.2020.103445
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compgeo.2020.103445&domain=pdf


over the past decade to study the interaction between granular flow and
barriers based on force [6–8] and energy approaches [9]. However,
existing studies mainly focused on rigid structures whereas deformable
structures are rarely investigated [10]. Given the importance of internal
energy dissipation of the granular assembly during the impact process
as the barrier deforms, a proper numerical tool with an appropriate
constitutive behavior that captures the shear response of the granular
material is needed.
The most commonly adopted approach for modelling granular flows

is by assuming an equivalent fluid and using a depth-averaged solution
[11–13]. However, a depth-averaged solution has limitations in mod-
elling the vertical momentum transfer during an impact scenario. Fur-
thermore, the shearing behavior of a granular material is not captured.
Another emerging numerical tool for studying the impact dynamics of
granular flows on barriers is the discrete element method (DEM) [14].
Iverson [15] described two approaches to describe the dynamics of
granular flows. Granular flows can be analysed at a macroscopic level,
which considers the entire complex mixture of grains as a continuum,
and at a mesoscopic level, which considers the interactions among
grains, and between grains and the pore fluid. Although the DEM can
explicitly capture mesoscopic interactions, it requires a multitude of
input parameters that can be difficult to obtain and calibrate. More
importantly, balancing between accuracy and computational costs of
DEM remains its fundamental limitation. For the fine particles simu-
lated in this study, the impulsive loading given by the coarse particles
does not appear and the continuum based method can be a feasible
approach to be adopted. Alternatively, the material point method
(MPM) proposed by Sulsky [17] combines the advantages of both
depth-averaged methods and DEM, especially the ability to capture
bifurcation [18,19], which is an important feature to model when
studying flow-structure interaction. Furthermore, the MPM is compu-
tationally effective and enables the material points to adopt non-local
constitutive laws for modelling flows with different particle sizes [20].
Ceccato et al. [16] reported that a simple elastoplastic model can cap-
ture the shear behavior of dense flows impacting against rigid barriers.
The capabilities of the MPM in modelling other soil-structure interac-
tion problems [17–19] have highlighted the convenience of the MPM
for problems where contact interfaces need to be traced, such as an
impact problem. Evidently, the MPM is a suitable tool for modeling the
impact dynamics of granular flows against deformable barriers.
In this study, a Drucker-Prager yield criterion associated with a

linear elastic model is implemented into an open source MPM code
[20]. This code framework is developed by Prof. John A. Nairn. The
calculation framework is object-oriented c++ code engine, which is
highly versatile and easy to modify. Generalized interpolation law is
adopted in this study to avoid the crossing grid noise. Coulomb friction
law is adopted to handle the interface friction between two objects
[20]. This code has been widely applied in simulating engineering
problems like Orthogonal Cutting [20,21], 3D crack propagation [22]
and installation of jacked piles in sand [23]. Recently, Liang and Zhao
[24] has coupled this code to YADE and proved the feasibility of this
code in the geotechnical applications. The newly implemented code is
calibrated using physical experimental data [25]. The calibrated MPM
model is then used to carry out a parametric study to discern the effects
of barrier flexural rigidity on the impact dynamics against a deformable
barrier. For simplicity, a vertical deformable cantilever barrier with
varying flexural rigidities are simulated.

2. Material point method (MPM)

The MPM is used in this study to model the dynamics of dry gran-
ular flow impacting barriers. The MPM discretizes objects into material
points. The motion of these points are governed by the momentum
equation:

= +
v

b
D
Dt

·p
(2)

where is the density, vpis the particle velocity, is the Cauchy stress
tensor, b is the specific body force and is the gradient tensor. Each
material point does not represent an individual grain but a continuum
that behaves according to a pre-defined constitutive model (to be dis-
cussed). Each material point carries mass, velocity, stress and strain. At
each time step, the information carried by a material point is mapped
onto the nodes of a background mesh and this information is used to
deduce the velocity field. Afterwards, the velocity is extrapolated back
to each material point to update its velocity and position [26].

2.1. Drucker-Prager yield criterion associated with a linear elastic model

The constitutive behavior implemented for the granular material in
this study is the Drucker-Prager (DP) yield criteria with a linear elastic
model. The yield surface of the DP model [27] can be expressed as
follows:

=f s q k2 2m (3)

where =s J2 2 ; = tr( )m
1
3 is the spherical pressure and is the

Cauchy stress tensor. = s sJ :2
1
2 represents the second invariant of de-

viatoric stress tensor =s Im , and I is the identity tensor; q is the
coefficient of friction, which controls the influence of spherical stress on
the size of the yield surface, and k is the yield stress under pure shear.
Correspondingly, q and k can be calculated as follows [28]:

= =q sin
sin

k ccos
sin

2 ( )
3 (3 )

2 3
(3 ) (4)

For large deformation problems, a stress rate invariant to rigid-body
rotation must be employed [28]. Correspondingly, a Jaumann stress
rate ij is adopted as follows:

=ij ij ik jk jk ik (5)

where ij is the Cauchy stress rate tensor and is the angular velocity.
Coulomb’s Law [29,30] was adopted to model the interaction be-

tween the granular flow and the channel. An interface friction coeffi-
cient 0.4 was adopted based on measurements reported by Ng et al.
[25]. The Young’s modulus for sand was set to be 1 MPa based on that
recommended by Bui et al. [31]. A Poisson’s ratio 0.3 and internal
friction angle 31°were adopted for the granular material. In this study, a
relatively small value of PIC fraction (αPIC = 5 × 10−4) is adopted to
provide the necessary computational stability while satisfying energy
conservation [24]. Details of the approach used to update the velocity
can be found in Appendix A. Additionally, four material points were
used for each element [32]. A summary of relevant input parameters is
given in Table 1.

2.2. Numerical model setup and simulation plan

Fig. 1 shows the numerical model setup used in this calibration. The
setup is geometrically identical to that reported in the physical ex-
periments by Ng et al. [25]. The model channel is inclined at = 40°.
The channel has a length, width and depth of 1.2 m, 0.2 m and 0.6 m,
respectively. A container at the upstream end of the channel is used to

Table 1
Input parameters.

Young’s modulus E (MPa) 1
Internal friction angle (°) 31
Poisson’s ratio 0.3
Interface friction coefficient µ 0.4
Damping coefficient PIC 5 × 10−4

Gravitational acceleration g (m s )2 9.81
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store the granular material, which is retained behind a gate that is
0.5 m in height. A 0.6 m tall barrier is installed perpendicularly to the
flume at a distance of 1.2 m from the gate. Both the flume and barrier
are modeled as rigid walls as the MPM model is calibrated.
For each analysis, material points were generated in the storage

container before applying gravity to the computational domain to allow
material points to reach static equilibrium. The channel was then in-
clined to 40° before the granular mass was released down the flume.
The interaction between the barrier and flow was modelled with two
velocity fields by using the multi-material mode [20], which enables
contacts to be detected so that the impact load can be computed.
After calibrating the MPM model against physical experiments, an

additional simulation was carried out at a flume inclination of 60° to
simulate a more inertial flow. In order to keep the barrier vertical, the
intersection angle between flume and barrier = °30 . At such a steep
inclination, a sharp peak load was generated followed by load reduction
to a static load. The cantilever barrier 0.6 m in height, 0.2 m in width
and 0.1 m in thickness to simulate reinforced concrete barrier . The
second moment of area of the cantilever concrete barrier is 1.7 × 10−5

m4.
The Young’s modulus of the rigid barrier is 25 GPa to model re-

inforced concrete. The flexural rigidity 4.2 × 108 N·m2 is calculated by
assuming a typical 1 m-thick reinforced concrete barrier, which is used
to normalize the flexural rigidity of other barriers in this study. Other
barrier flexural rigidities are investigated by changing the Young’s
modulus. The stiffest barrier used in this study is equivalent to a 5 mm-
thick steel plate and the softest barrier used in this study is equivalent
to a 5 mm-thick plastic plate. A summary of the barrier flexural rigidity
adopted is given in Table 2.

3. Calibration and evaluation of MPM model

The MPM model implemented in this study is evaluated with ex-
perimental data reported by Ng et al. [25]. The simulated impact ki-
nematics and dynamics were compared with that observed and mea-
sured, respectively. In the physical experiment, a total mass of 30 kg of
Leighton Buzzard Fraction C sand, with a fairly uniform particle size of
0.6 mm was used to model the granular material. The impact load was

measured from a load cell sandwiched between the barrier and a re-
action frame mounted in the flume.
Fig. 2 shows a comparison between the observed and computed

impact kinematics. The velocity fields from the physical experiments
were analyzed using particle image velocimetry PIV [33]. The mon-
itoring area is just 500 mm upstream from the barrier for comparing
kinematics. The PIV is compared with computed velocity contours from
the MPM simulations. The time is taken as t = 0 s when the flow just
approaches the barrier. The calculated maximum frontal velocity of the
granular flow is 2.2 m/s before impact, corresponding to a Froude
number Fr = 3.5. The Fr matches well with that observed in the phy-
sical tests. At t = 0.6 s, the maximum velocity reduced by more than
40% to 1.4 m/s. After impact, the granular material accumulates at the
base of the barrier, forming a dead zone [5,34]. Subsequent granular
material impacts the ramp-like dead zone and piles up on top to in-
crease the total static load acting on the barrier. Meanwhile, the flow
kinetic energy is dissipated as shearing occurs between the flowing and
deposited material. At t = 0.9 s, the maximum velocity is 0.8 m/s and
the flow starts to reach static equilibrium. The maximum velocity de-
duced by using PIV shows only a small difference of 17% compared to
that computed. The profile of the simulated final deposition differs
slightly from that observed. Differences are mainly caused by the con-
stitutive model, which neglects the softening behavior of the granular
assembly and assumes a constant Young’s modulus. Notwithstanding,
the general impact mechanisms, such as the formation of a dead zone
and subsequent pileup, appear to be well-captured by the MPM model.
To examine changes in energy during impact, the total energy from

each MPM simulation is decomposed into potential, kinetic and strain
energies. Kinetic energy Ek is calculated as follows:

=
=

vE m1
2 i

N

i ik
1

2

(6)

where N is the total number of the material points, mi is the mass of
each material point, and vi is the velocity of each material point. During
the flow and impact process, aside from the conversion from potential
to kinetic energy, energy is also dissipated via internal and basal
shearing in the granular assembly. The strain energy Es to describe the
dissipative work done by plastic shearing is calculated as follows:

=E dv:s (7)

where is the total stress tensor stored in each material point and is
the total strain evaluated at each material point. In addition to the in-
ternal energy dissipated from the continuum body, basal friction also
does work to the granular assembly. This work is the sum of the product
of the frictional force and the distance travelled by all near boundary
material points.
Fig. 3 shows the changes in energy within the granular assembly.

The authors normalize each energy by the initial potential energy E0 of
the granular material before initiation and the datum is taken at the
base of the barrier. As the granular assembly flows down the incline, the
potential energy decreases as it is partly converted into kinetic energy.
About 90% of the initial potential energy is dissipated via internal and
basal friction. Since energy dissipation cannot be directly measured in
the physical experiments, a comparison of changes in energy between
the numerical simulation and physical experiments can only be carried
out in terms of kinetic energy. According to Thielicke [35], the full
velocity field can be gained by using PIV analysis. After getting the
velocity data of the flow, the average velocity can be calculated to
obtain the kinetic energy at each time step (Fig. 2). Fig. 3 shows the
measured kinetic energy from the experimental data at three different
snapshots shown in Fig. 2. The first snapshot focuses on the frontal part
of flow, which has a higher velocity compared to the rest of the flow
body. As a result, the estimated kinetic energy at time t = 0.2 s is 40%
larger than that calculated. For the data point estimated at t = 0.8 s and
1.1 s, the majority of flow body is included in the frame and the

Fig. 1. Numerical model setup (all dimensions are in mm).

Table 2
Summary of flexural rigidity of barriers with typical equivalent material.

E I (N·m )b b 2 3EI/H3
norm Equivalent material for barrier

8.33 ×2.5 10 6 Plastic barrier with E = 4 GPa (5 mm-thick)

×3.33 101 ×1 10 5 Fibre glass barrier with E = 16 GPa (5 mm-thick)

×1.67 102 ×5 10 5 Aluminum alloy barrier with E = 80 GPa (5 mm-
thick)

×3.33 102 ×1 10 4 Steel alloy barrier with E = 160 GPa (5 mm-thick)

×4.17 108 1 Concrete barrier with E = 25 GPa (1 m-thick)

3EI/H3norm is the cantelever barrier stiffness normalized by the stiffness of
cantilever concrete barrier with typical thickness of 1 m and height of 3 m.
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estimated kinetic energy is only 10% less or more than that measured.
Aside from comparing the impact kinematics, the impact dynamics also
need to be evaluated for the MPM model. Fig. 4 shows a comparison
between the force–time histories measured from the physical experi-
ments [25] and computed by the MPM model. The impact force in the
MPM model is calculated as follows:

=
=

F t P t A t( ) ( ) ( )
M

i 1
i i

(8)

where P t( )i and A t( )i are the impact pressure and area between the flow
and barrier, respectively, and M is the number of material points in
contact with the barrier. The interface between the granular flow and
the deformed barrier can be detected during deformation [20]. The
pressure is extracted from the area along the interface with the thick-
ness of two material points. Both inclinations of 23° and 40° in the
experiments [25] are evaluated in this study. For an inclination of 23°
(Fig. 4a), the impact force increases progressively after impact until it
reaches a static state after 0.5 s. The maximum load is the static force,

Fig. 2. Comparison of impact kinematics against rigid barrier (all dimensions are in mm): (a) PIV of high-speed camera images from experiments (Ng et al. [25]); (b)
computed velocity contours from MPM simulation.
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which is 55 N. The computed static force is only 10% larger than that
measured. The inclination of 23° is close to the basal interface frictional
angle, which is 22°, thus the basal interface friction slows down the
flow, resulting in subdued impact dynamics. In Fig. 4(b), the computed
impact force resulting from an inclination of 40° shows a similar trend
to that observed for an inclination of 23° whereby the load increases
progressively before reaching a static state. The impact force is nor-
malized by the theoretical static force of 99 N, following the approach
reported by Moriguchi et al. [6]. The computed impact force also gra-
dually increases to a static loading of 87 N after 1.8 s, which is close to
the maximum value of 79 N.
The effects of considering energy dissipation via internal shearing

can be shown by comparing the difference in impact loads measured
and that calculated using Eqn. 1, which does not consider internal
shearing in the granular assembly. Correspondingly, Eqn. 1 over-pre-
dicts the impact force by up to 30% compared to that measured.
Furthermore, a comparison is also made with an analytical model
proposed by Albaba et al. [8], which is dependent on the input flow
velocity. Their model considers energy dissipation before impact by
changing the incoming velocity. The general trend between the com-
puted and calculated results are similar. However, the proposed ana-
lytical model assumes a zero-length granular jump and does not ex-
plicitly consider momentum transfer between the incoming flow and
the dead zone. As a result, this analytical model tends to over-predict
the impact load.
The MPM model has been validated by the kinematics and dynamics

of the granular flow impacting on rigid barrier from physical experi-
ments. The comparisons give confidence that the MPM model in this
study is appropriate for conducting a parametric study to examine the
effects of barrier flexural rigidity on the impact dynamics of granular
flow.

4. Interpretation of computed results

4.1. Effects of flexural rigidity on barrier deformation and impact dynamics

Fig. 5(a) shows the impact pressure time histories extracted from
four typical barriers as shown in Table 2. For each barrier flexural

rigidity, the pressure time history shows a dynamic impact peak pres-
sure, which then decreases to the static lateral earth pressure as the
granular material reaches a static state. A peak pressure is clearly ob-
served for the steel barriers and becomes less obvious with a decreasing
barrier stiffness. In order to choose a consistent peak pressure time, the
pressure time history within a smaller time range (0.62 s–0.82 s) is
shown. As the simulation data is archived every 0.02 s, Fig. 5(b) shows
the data points plotted at each archived time step. Although the peak
pressure time can be slightly different if a smaller archiving time is
chosen, Fig. 5(b) can show the clear peak for different barrier flexural
rigidities and the peak pressure time is shown to be 0.66 s.
Fig. 6 shows the effects of barrier flexural rigidity on the impact

Fig. 3. Energy evolution inside granular flow of barrier inclination angle of 40°.

Fig. 4. Comparison of total impact forces on rigid barrier with different in-
clination angles (a) 23° and (b) 40°.
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load by using the impact coefficient . Additionally, the final barrier
deformation is also shown, and the range of deformation is from 0%
(reinforced concrete barrier) to 40% (deformable barriers) [36]. Twelve
different normalized flexural rigidities ranging from 1 × 10−6 to 1
were simulated. A comparison of simulated results shows that the im-
pact coefficient increases with normalized flexural rigidity ranging
from 1 × 10−6 to 5 × 10−3 As expected, the impact coefficient
increases with normalized flexural rigidity ranging from 1 × 10−6 to
5 × 10−3. Conversely, the deformation decreases with the increase in
normalized flexural rigidity.
Existing design guidelines [4] provide recommended impact coef-

ficients to differentiate between rigid (α = 2.5) and flexible barriers
(α = 2.0) However, it may not be easy to assess whether a barrier

should be considered as rigid or flexible. Even a flexible barrier with
very stiff brake elements or high pretension loads in the cables may
behave as a rigid barrier. Furthermore, a wide range of deformable
barriers with different loading behaviors exist around the world. The
MPM simulation of the plastic-like barrier with a very small flexural
rigidity (3EI/H3

norm = ×2.5 10 6) may be treated as flexible barrier in
design since the back-calculated impact coefficient is 2.3, which ex-
ceeds the recommended value for flexible barriers according to Kwan
[4]. The intersection point between the back-calculated impact coeffi-
cients and the recommended design value for a flexible barrier cor-
responds to a normalized flexural rigidity 6.3 × 10−5. Evidently, the
recommended values in design are not necessarily conservative for the
design of a flexible barrier with a small amount of deformation to
maintain the structure integrity [37]. There is a noticeable change in
dynamic response when the flexural rigidity is larger than that of a
steel-like barrier (3EI/H3

norm = 1.0 × 10−4). Eventually both the
calculated impact coefficients and barrier deformation start to con-
verge. At a normalized flexural rigidity 1.0 × 10−3, the deformation of
the barrier becomes negligible (less than 3% of barrier height; Fig. 9)
and is reminiscent of a rigid barrier. This flexural rigidity can be re-
garded as a reference basis for engineers to demarcate between the
impact behavior of a flexible and rigid barrier.

4.2. Reflection of pressure wave

Fig. 6 shows that the impact coefficient increases with the flexural
rigidity of the barrier. Eq. (1) is commonly used to estimate the impact
force exerted on a barrier. However, this equation does not consider the
transient nature of the impact process for a barrier with large de-
formation, which changes the impact angle as well.
The compressibility of the granular material also plays a significant

role in regulating the impact load. Obviously, for a granular assembly
that compresses, the impact scenario is inelastic [36]. To characterize
the effects of flow compressibility, a pressure wave is used. During the
very first few milliseconds after impact, a pressure wave propagates
upstream with a celerity c. This pressure wave eventually decelerates
and arrests the granular assembly. Therefore, the compressibility of the
flow plays a major role in regulating the pressure wave and therefore

Fig. 5. Impact pressure time history and the peak value.

Fig. 6. Effects of barrier flexural rigidity on the impact coefficient .
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the impact force exerted on the barrier [38]. Based on the conservation
of linear momentum, the peak pressure in the granular assembly can be
calculated as follows:

=P cv0 (9)

where c is dependent on the elastic modulus of both the material, is its
material density and v0 is the incoming flow velocity. The celerity is
defined as follows:

=c E
(10)

To investigate the effects of barrier flexural rigidity on the propa-
gation of a pressure wave in the granular assembly, flow stresses are
computed at the peak load in each MPM simulation. The mean stress
inside the granular flow is extracted from the grid just 0.2 m upstream
from the barrier. The negative pressure has been observed in other two-
phase continuum models when the granular assembly dilates ([39]).
For dry sand, that there should not be any negative pressure. Studies
([40]) have been conducted to investigate the dissipation of the impact
wave in granular material, which is highly related to the positive
compression pressure and shearing process in the sand. Thus, a negative
pressure was not observed in the simulations because the granular
material is compressible and cannot sustain any tension due to the zero
cohesion value
Fig. 7 compares the pressure wave propagation when a granular

flows impacts the simulated plastic and steel barriers. The granular flow
arrives at the barrier at t = 0.66 s. For the steel barrier, the induced
pressure is 30% larger than that of the plastic barrier. At t= 0.68 s for
both plastic and steel barriers, pileup is observed and the pressure wave
has propagated about 0.2 m in the upstream direction of the barrier.
The wave propagation inside the soil is highly dependent on the density
of the material [40]. After impacting the barrier, stress is induced inside
the flow. For a steel barrier with high stiffness, the large compression of
the flow material rapidly increases the density of flow front and prevent
the stress wave from dissipating. After propagation, the spike generated
due to impact can still be observed at 0.08 m away from the barrier.
While for the plastic barrier, the flow front is not compressed and so the
debris is looser, thus it can easily dissipate the stress wave inside the
granular flow and no spikes caused by stress wave are observed. The
pressure wave for the steel barrier (3EI/H3

norm = 1.0 × 10−4)

propagates upstream at a velocity of about 5 m/s, which is almost
double the velocity computed for the plastic barrier (3EI/
H3
norm = 2.5 × 10−6) (c1 = 2.6 m/s). The difference in pressure wave

velocity implies that steel barriers are more effective at transferring
stresses back upstream in the granular body. Therefore, momentum is
more effectively reflected after impact. The pressure wave propagation
helps to explain why the peak pressure differs depending on barrier
flexural rigidity.
Although the celerity of steel barrier case can differ by up to two

times than the plastic barrier, the estimated velocity of the pressure
wave for steel barrier is only 5 m/s, which is much smaller than that in
a fully elastic body (1600 m/s). The difference in velocity between
plastic and steel barrier is due to the larger bulk compressibility of the
granular assembly during impact against the steel plate barrier.
Granular flow impacting a stiffer barrier experiences higher compres-
sion than that of a softer barrier, thus making the granular material
denser and enabling higher celerity. The dampened celerity is in-
dicative of the reduction in peak pressure caused by barrier deforma-
tion. However, celerity is not the sole reason for such a large reduction
in impact load given the small magnitude of celerity inside the granular
body.

4.3. Rate of barrier deformation

Equation 1 shows that the relative velocity between the flow and
barrier also plays an important role in regulating the impact force.
Therefore, the material points at the interface between the flow and
barrier are tracked during each simulation. Fig. 8 shows the computed
barrier velocities v normalized by the incoming flow velocity vf at the
peak impact time (t = 0.68 s). The vertical position h of each material
point along the height of the barrier is normalized by the depth of the
incoming flow hf . When the normalized height is higher than 2.5, the
incoming flow does not influence the barrier velocity and no obvious
movement can be observed along the upper portion of the barrier. For
the plastic barrier (3EI/H3

norm = 2.5 × 10−6), which is the softest
barrier simulated in this study, the maximum barrier velocity is 1.2 m/
s, which corresponds to a relative velocity reduction of 40% compared
to that of the flow before impact. The peak impact pressure also de-
creases up to around 40%, which results in the reduction of calculated

Fig. 7. Comparison of stress wave propagation for different barriers.
Fig. 8. Effects of barrier flexural rigidity on barrier velocity along the height of
the barrier (barrier height normalized by incoming flow depth).
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impact coefficient shown in Fig. 6. A similar local velocity reduction
is observed for the fiber glass barrier (3EI/H3

norm = 1 × 10−5), which
exhibits a velocity reduction of 30% compared to the initial velocity. In
contrast with the softer barriers (plastic and fiber glass), not much
velocity change occurs at the peak impact load for stiffer barriers (i.e.
steel and reinforced concrete barriers). It is found that when the nor-
malized flexural rigidity is larger than that of the steel barrier (3EI/
H3
norm = 1 × 10−4), localized velocity at the point of impact does not

occur. This means that there is limited relative velocity between the
flow and barrier, implying that deformable barriers should enable
sufficient local relative velocity to attenuate the overall impact load.
At time t = 0.68 s, the barrier displacement due to the incoming

flow is also tracked in each MPM simulation. Fig. 9 shows the de-
formation of the barrier as a percentage of the barrier height. The de-
formation is the ratio between barrier displacement D and initial barrier
height hb. The height of the tracked material points h is normalized by
the incoming flow depth hf . No deformation is observed at barrier
heights less than twice that of the flow depth before impact. De-
formation from impact mainly occurs at the bottom part of the barrier.
It is generally accepted that the reason a flexible barrier can attenuate
the impact pressure is because of large deformation. However, Fig. 9
shows that the barrier does not necessarily need to exhibit large de-
formation during the first few milliseconds of impact. For the plastic
barrier, the maximum deformation is only around 3% of the total
barrier height at the peak impact load. The stiffer barriers (i.e. steel and
reinforced concrete barriers) barely deform at impact. Evidently, small
deformations are enough to attenuate the peak pressure as long as local
relative velocity between the flow and barrier occurs. This implies that
initial slack of a on-site steel net barrier plays a significant role in
regulating the peak pressure.
In addition to the deformation profile at the peak pressure for dif-

ferent barrier flexural rigidities, Fig. 10 shows the flow pattern and
deformation of the structure from impact (t = 0.68 s) to deposition
(t = 2.5 s). The deformation of the plastic and steel barriers are shown
at the top and bottom, respectively.

At t= 0.68 s, only a slight deflection is observed after impact occurs
near the crest of the steel barrier (Fig. 10(b)), while obvious deforma-
tion at the point of impact is observed for the plastic barrier
(Fig. 10(a)). Deformation of the plastic barrier accounts for around 3%
of the total barrier height at the peak impact time (Fig. 9). Not only is
the deformation enough to attenuate the peak impact pressure, but it
also enables the formation of shear bands during the pile-up process. On
the contrary, no local barrier deformation is observed for the steel
barrier and the granular material is arrested immediately. Therefore,
less distinct shear bands are observed in the contours for the steel
barrier. Instead, high levels of stress can be seen near the base of the
steel barrier at the boundaries. In contrast with the steel barrier, the
plastic barrier does not exhibit such contours. At initial impact
(t= 0.68 s) the maximum deformation is observed near the base of the
barrier, but with time, the point of maximum deformation moves up-
wards along the barrier.
The static pressures behind the rigid and flexible barriers are com-

pared to examine the state of deposited materials. Fig. 11 shows a
comparison of the static earth pressures behind the plastic, steel and the
rigid reinforced concrete barriers. The stress in the granular assembly is
extracted from grids located at the interface between the granular flow
and barrier. The height h of each data point along the barrier is nor-
malized by the deposited height at the upstream face of the barrier Hd.
Experimental evidence indicates that the mobilization of full passive
resistance requires a wall movement in the order of 10–15% of the
embedded depth in the case of loose sand; the corresponding mobili-
zation of active pressure is in the order of 1%. Earth pressure com-
parisons from this study lie between the active and passive states, but
much further away from the passive failure line.
For the lateral earth pressure at rest, K0 is approximated by using

the equation proposed by Jaky according to Craig [42] with = °31'

[25].

=K sin1 '0 (11)

K0 is calculated to be 0.49, which falls into the typical range of sand
between a loose and a dense state (0.35–0.6) as reported by Craig [42].
Both Coulomb and Rankine theory were adopted to calculate the

active and passive earth pressures. By using Rankine theory, the active
and passive lateral earth pressures are calculated as follows and plotted
in Fig. 11:

=
+

=K sin
sin

K
K

1 '
1 '

1
a p

a (12)

By using Coulomb theory, the active (Ka) and passive (Kp) earth
pressures [43] are calculated as follows:

=

= +

+
+

+ +

K

K

cos

cos cos

cos

cos cos

a
( )

( ) 1

p
( )

( ) 1

sin sin
cos cos

sin sin
cos cos

2 '

2 ( ' ) ( ' )
( ) ( )

1 2 2

2 '

2 ( ' ) ( ' )
( ) ( )

1 2 2

(13)

where = 0 and the interface friction coefficient between barrier and
flow is set to be 0.4, the same as flume base. The incline on the re-
tained surface is = 0. The active and passive earth pressures are
calculated to be 0.33 and 8.7, respectively.
The pressure coefficient of the granular material is expected to be

closer to the active pressure coefficient (Ka) due to deformation of the
barrier [5]. For the plastic barrier, the maximum deformation is up to
40% of barrier height. The internal strength of the deposited debris

Fig. 9. The barrier deformation (normalized by barrier height) when the peak
pressure occurs.
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directly upstream of the plastic barrier is fully mobilized, thereby al-
lowing deposition to reach the state close to an active failure mode.
Although the impact process between the granular flow and barrier
compresses the flow, deformation of barrier enables an even lower
lateral earth pressure acting on a flexible barrier [5,42]. In addition, the
effects of arching [43],results in the reduced earth pressure near the
bottom of the barrier. The overall distribution of lateral earth pressure
of the steel barrier (3EI/H3

norm = 1.0 × 10–4) is greater than that of the
K0 line. This trend is attributed to compression of the granular assembly

during the impact process. The reinforced concrete barrier does not
allow any relative movement between the flow and barrier. Thus, larger
lateral earth pressures are generated along the barrier. The pressure
distribution for all barriers simulated are below the passive earth
pressure line, the pressure coefficient is highly influenced by the barrier
flexural rigidity. The conservative estimate for static earth pressure can
be done by adopting the passive earth pressure coefficient in design
process.

4.4. Dissipation of flow energy in granular body

Fig. 12(a) shows the change in energy during the impact process
against a reinforced concrete barrier. Each energy type is normalized by
the initial potential energy E0 of the granular material. The datum is at
the base of the barrier. The gravitational potential energy decreases as
the granular material flows downslope. Part of the potential energy is
converted into kinetic energy. Other parts of the potential energy are
dissipated by shear between the flow and channel bed and internal
shearing of granular assembly. Before impact, both basal and internal
shearing do not initially contribute significantly to the overall energy
dissipation. The kinetic energy peaks at t= 0.6 s and shear between the
flowing and deposited material further attenuates the flow kinetic en-
ergy. At t = 1.0 s, the kinetic energy diminishes, implying that the
impact process has reached static equilibrium. At equilibrium condi-
tions, about 50% of the initial energy has dissipated via internal and
boundary shearing. The change in energy of a granular flow impacting
on the plastic barrier with normalized flexural rigidity 3EI/
H3
norm = 2.5 × 10−6 is shown in Fig. 12(b). Only 28% of the initial

potential energy remains after deposition. Up to 24% of the initial total
energy is dissipated due to barrier deformation. Summing the dissipated
energy from basal and internal shear, the total energy dissipated within
the granular assembly is up to 72% of the initial energy for the case of
the plastic barrier. This value is similar to that reported by Ng et al. [5]
in their centrifuge model tests of dry sand impacting a flexible

Fig. 10. Computed stress contours: (a) Plastic barrier with 3EI/H3
norm = 2.5 × 10−6; (b) Steel barrier with 3EI/H3

norm = 1.0 × 10−4.

Fig. 11. Computed lateral earth pressure of deposited material.
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membrane. In their experiments, they calculated energy dissipation
from internal and boundary shear up to 80%.

4.5. Effects of barrier deformation on energy dissipation

Fig. 13(a) shows a comparison of accumulated equivalent shear
strain contours of the granular deposition after impact for the plastic
and steel barriers respectively. After the granular material had de-
posited behind the barrier, shear interfaces [44,45] were observed.
These shear interfaces coincided with the pile-up process, where layers
of sand deposited on material that had already come to rest behind the
barrier. Shear interfaces are indicative of dissipation of energy during
the layering process. Computed results show obvious shear bands

develop in the granular body. For the plastic barrier (3EI/
H3
norm = 2.5 × 10−6), more shear bands are observed. The plastic

barrier deflects away from the granular flow, thereby enabling the flow
front to climb up on deposited material. As a consequence, subsequent
granular flow impacts, overrides and shears the deposited material.
Correspondingly, more shearing leads to more energy dissipated within
the shear bands. For the steel barrier (Fig. 13(b)), shear bands are
evident in the granular assembly. The shear strain mostly occurs near
the boundaries of the flume and barrier, while the strain inside de-
position is relatively small. The strain contours indicate that granular
material is immediately arrested as minimal barrier deformation oc-
curs. Only the upper part of the deposition exhibits some degree of
shear. A comparison between the strain contours of a plastic and steel
barrier in Fig. 13 shows that the location and length of the shear bands
in the deposited material depends on the flexural rigidity of the barrier.
Fig. 14 shows the change in energy during the impact process for

different barrier types. An emphasis is placed on the energy dissipated
via basal and internal granular shearing. Both kinetic energy and dis-
sipated energy are normalized by the initial potential energy E0 of the
granular mass. Before impact, the kinetic energy is the same for each
simulation. After impact, differences in the peak kinetic energy are
observed. Higher peak kinetic energies are observed for the stiffer
barriers. Meanwhile, the dissipated energy decreases as the barrier
stiffness increases. These trends imply that more energy can be dis-
sipated by softer barriers, which enable shear band formation
(Fig. 13(a)). With more energy dissipated in the granular assembly, the
flow decelerates and cushions the barrier against subsequent impact.
More importantly, Fig. 14 shows that for all cases simulated, the dis-
sipated energy increases abruptly at a higher rate when the granular
flow impacts the barrier. The abrupt change in energy corresponds to
the pile-up process. After initial impact (within 0.2 s from impact), the
total dissipated energy plateaus without further barrier deformation.
Based on the aforementioned observations, a flexible barrier serves to
facilitate shearing during the pile-up process so that more energy can be
dissipated to attenuate the peak load.

5. Conclusions

An open-source MPM model implemented with the Drucker-Prager
yield criterion associated with a linear elastic model was calibrated
using a physical experiment. The calibrated MPM model was then used
to study the effects of barrier flexural rigidity on the impact dynamics of
granular flows. Findings from this study can be summarized as follows:

(a) The barrier stiffness highly influence the flow impact loading and
energy dissipation process. A threshold 3EI/H3

norm = 6.3 × 10−5

(Barrier flexural rigidity is normalized by the stiffness of a typical 1-
m thick reinforced concrete cantilever barrier) is identified in this
study to demarcate between rigid and deformable barriers. When
the barrier stiffness is less than the threshold, the peak flow impact
pressure can be effectively attenuated and the loading can be de-
signed according to the static pressure. When the barrier stiffness
exceeds the threshold, the barrier behaves like rigid barrier and the
design should consider the inertial peak loading through corre-
sponding impact coefficient.

(b) For softer barriers, relative velocity developed between the barrier
and flow. As a result, the flow experiences less compression com-
pared to the steel barrier. Findings imply that by enabling a small
displacement of about 3% of barrier height, then the relative ve-
locity and peak impact pressure reduce by up to 40% compared to
that of a rigid barrier.

(c) Relative compression between the flow and barrier governs velocity
of wave propagation inside the granular material. Softer barriers
give less compression to the flow body, leading to samller propa-
gation velocities compared to that of a steel barrier.

(d) Around 85% of the dissipated energy occurs during the pile-up

Fig. 12. Computed change in energy for a rigid barrier (a) Reinforced concrete
barrier (b) Plastic barrier with normalized flexural rigidity 3EI/
H3
norm = 2.5 × 10−6.
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process, the interaction between the incoming flow and deposited
material along the slip interface is effective is dissipating flow ki-
netic energy. A flexible barrier facilitates longer shearing interface
during the pile-up process, thereby dissipating more energy com-
pared to that of rigid barriers. Furthermore, barrier designs should
utilize the internal dissipation inside flow by providing a finite
amount of deformation during impact.
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Appendix A. Velocity update scheme

At the end of each time step, the velocity on each node is projected back to the material points. Two conventional velocity update schemes are
combined, specifically the Particle In Cell (PIC) and Fluid Implicit Particle (FLIP), which are given as follows:

=+ +v v SPIC update: n

I

n
p,PIC

1
I

1
Ip

= ++ +v v at SFlIP update: n n

I

n
p,FLIP

1
p I

1
Ip

Fig. 13. Equivalent shear strain p inside the granular body, (a) Plastic barrier with 3EI/H3
norm = 2.5 × 10−6 and (b) Steel barrier with 3EI/H3norm = 1.0 × 10−4.

Fig. 14. Energy dissipated inside the granular body for different barriers.
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where +vn
p,PIC

1 and +vn
p,FLIP

1 are the updated velocities based on PIC and FLIP, respectively. vn
p represents the material point velocity at the previous time

step and +an
I

1 is the acceleration at nodal point I. PIC directly uses the nodal velocity to update the material point velocity, which can enhances
global simulation stability but suffer from over dissipation of energy. In contrast, FLIP updates the material point velocity by using the acceleration
from nodal points, which can avoid excessive energy dissipation but result in noise due to the mapping procedure.
A suitable combination of PIC and FLIP has been adopted to significantly improve the performance of the MPM simulations [21]:

= ++ + +v v v(1 )n n n
p

1
PIC p,PIC

1
PIC p,FLIP

1

where +vp
n 1 p denotes the updated particle velocity based on a linear combination of PIC and FLIP, PICis the PIC fraction in the particle velocity

update: PIC = 1 represents only PIC velocity update, whilst PIC = 0 implies only FLIP velocity update.

Appendix B. Contact algorithm and frictional slip surface

MPM can naturally handle non-slip contact between different bodies [30]. The reason for this is that a single-valued velocity field automatically
prevents particle-particle penetration. This non-slip feature can only model contact by stick conditions meaning surfaces move in the same velocity
field when in contact but move independently when apart. However, many contact problems frictional sliding occurs at the contact surface. Thus, a
contact algorithm is required. Bardenhagen et al. [29] proposed an algorithm which relaxes the no-slip condition and allows Coulomb friction and
slip at contacting boundary nodes. This frictional contact algorithm was further developed by Nairn [20] has been applied in soil-structure simu-
lations and illustrated as follows:
• Detect the contact:
Improved contact calculations are looking at material positions and calculating separation of material surfaces using

= nx x h( )· 0.8n i,a i,b

Where n is the surface normal, the substraction of h0.8 accounts for the spatial effect that particle surfaces come into contact before the centers.
For a regular grid with equal element dimension in all directions, h is equal to element size x .
If the material starts out in contact,
A useful method is to change the separation calculation by using particle displacements. In this approach, the position extrapolation is changed to

a displacement extrapolation:

=m x S m x x( )ij i,j
p j

iP p p p
(0)

the surface separation is found from extrapolated displacements of objects a and b as follows:

= nx x( )·n i,a i,b

• Find the contact area
the contact area at node i for 2D case in terms of extrapolated quantities defined above is :

=

= = =

A
h

i j A A x y

t 2 min( , )

(nodal domains at node and would be /2, )

cell
i i,a i,b

i,a i,b cell cell

• Implementing contact mechanics
When contact surfaces are determined to be in contact, the final task is to modify nodal momenta and forces to reflect to implemented contact

mechanics.
Calculate the momentum change applied to material a that would be required for that material to move in the center of mass velocity vi

(c)

Where

= =
+
+

v
P v v

m
m m

m m
j

i
(c) i,j

i
(c)

i,a i,a i,b i,b

i,a i,b

= =
+

P v P
P P

m
m m

m mi,a i,a i
(c)

i,a
i,a i,b i,b i,a

i,a i,b

if Pi,a was applied to material a and Pi,aapplied to material b, the two materials would stick together.
The difference in unmodified velocities for materials a and b can be related to this momentum change:

= = =

=
+

v v v
P P P
m m m

m
m m

m m

,i i,b i,a
i,b

i,b

i,a

i,a

i,a

i,red

i,red
i,a i,b

i,a i,b
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the momentum change can be interpreted as apparent contacting forces by rewriting Pi,a as

= + = +P P n n P t t n tNA S A t( · ) ( · ) ( t) ( )i,a i,a i,a c stick cell

Where Acell is contact area calculated above, and the = =N SandP n P t
A t A t

·
stick

·i,a
cell

i,a
cell

.
To implement friction, we calculate the tangential traction as the function of normal pressure:

1. If <S Sstick slide, then the driving forces for frictional sliding are too small to overcome sticking. Set final momentum change to =P Pi,a
'

i,a
2. If >S Sstick slide, the surface would slide.

Set the final momentum change to = +P n tNA S A( t) ( t)i,a
'

cell slide cell

3. Change the momenta for materials a and b to

= +P P Pi,a
'

i,a i,a
' and =P P Pi,b

'
i,b i,a

'

4. To keep forces consistent with changed momenta in contact calculations done after updating nodal momenta, the nodal forces should be chaged
to:

= +f f
P

i,a
'

i,a t
i,a
'
and =f f

P
i,b
'

i,b t
i,a
'

Appendix C. Convergency of the impact force

The contact force is calculated based on the momentum exchange at the grid nodes (Appendix B), which are all located along the interface
between two materials in contact. We identified the material points along the interface and then extracted the stress from those material points. The
effects of selecting a different number of layers of material points can be shown in Fig. 15. As we can see from the Fig. 15, the impact force gradually
increases as the granular flow approaches the barrier. All three selections are able to reflect the general trend. A single layer of material points gives
the largest magnitude among the three selections. Selection of two and three layers of material points shows around 9% and 15% decrease,
respectively, in extracted impact force. The decrease in force is expected as the selection of three layers of points would involve more points further
away from the barrier compared to the single layer. If more layers are used, then the impact stress would deviate too much from the actual value near
the impact region. On the other hand, a single layer exhibits more oscillation of extracted pressure compared to two and three layers. This is
attributed to the intensive momentum exchange between two objects and limited material points used in the simulation. More layers mean that more
material points are involved for averaging the force and can supress the numerical oscillation in the impact area. In order to give a meaningful profile
of the impact force, two layers of material points are selected to avoid magnitude decrease and numerical oscillation.

Fig. 15. Time history of impact pressure extracted from different layers of material points.
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