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Froude characterization for unsteady single-surge dry granular
flows: impact pressure and runup height
C.W.W. Ng, C.E. Choi, and G.R. Goodwin

Abstract: The impact and pileup mechanisms of unsteady granular flows impacting a rigid barrier are governed by the Froude
conditions (Fr). Velocity and depth vary along the length of the flow. There is currently no widely accepted approach for
characterizing Fr for impact and runup problems. In this study, a discrete element method (DEM) model was calibrated against
a physical flume test. Eighty-six simulations were performed using the DEM model to investigate the equivalent Fr governing
pileup height and impact pressure for unsteady single-surge dry granular flows against a rigid barrier. Fr and the grain diameter
were varied. Results reveal that Fr within the frontmost 5% of a flow governs both pileup height and impact pressure. Thus,
taking frontal velocity and maximum flow depth within the frontmost region is crucial for properly characterizing the runup
height and impact load. Consistent characterization of Fr is possible near the longitudinal centre of a flow; the frontmost Fr can
then be extrapolated from calibration curves. Results imply that existing studies that predict impact pressure based on non-
frontal Fr values may underestimate impact pressure by a factor of up to 2.

Key words: granular flow, Froude, flume modelling, discrete element method (DEM), impact, runup.

Résumé : Les conditions d’impact et d’accumulation des écoulements granulaires instables impactant une barrière rigide sont
régies par les conditions de Froude (Fr). La vitesse et la profondeur varient le long de l’écoulement. À présent, il n’y a aucune
approche largement acceptée pour caractériser les problèmes d’impact et de montée en puissance de Fr. Dans le cadre de cette
étude, un modèle à éléments discrets (MED) a été étalonné par rapport à un essai physique dans un canal. Quatre-vingt-six
simulations ont été effectuées à l’aide du modèle MED pour étudier l’équivalent Fr régissant la hauteur d’empilement et la
pression d’impact pour les écoulements granulaires secs instables à déferlement unique contre une barrière rigide. Le Fr et le
diamètre des grains ont été variés. Les résultats révèlent que le Fr dans les premiers 5 % d’un écoulement régit à la fois la hauteur de
l’empilement et la pression d’impact. Par conséquent, il est crucial de tenir compte de la vitesse frontale et de la profondeur
d’écoulement maximale dans la région la plus à l’avant pour bien caractériser la hauteur de la montée et la charge d’impact. Une
caractérisation cohérente du Fr est possible près du centre longitudinal d’un écoulement; le Fr le plus en avant peut alors être extrapolé
à partir des courbes d’étalonnage. Les résultats impliquent que les études existantes qui prédisent la pression d’impact basée sur des
valeurs de Fr non frontales peuvent sous-estimer la pression d’impact par un facteur allant jusqu’à 2. [Traduit par la Rédaction]

Mots-clés : écoulement granulaire, Froude, modélisation d’un canal, modèle à éléments discrets (MED), impact, montée en puissance.

Introduction
Flow-type landslides threaten mountainous regions worldwide

(e.g., Hungr et al. 2001; Sassa and Wang 2005; Arattano et al. 2012).
Structural mitigation measures such as rigid barriers (Jiang and
Towhata 2013) and slit structures (VanDine 1996; Armanini and
Larcher 2001) prevent flows from damaging downstream facilities.
To guide the design of mitigation measures, the Froude condi-
tions Fr (e.g., Hübl et al. 2009; Armanini et al. 2011; Cui et al. 2015;
Ashwood and Hungr 2016) are used to characterize flows

(1) Fr2 �
U2

gh

where U is flow velocity, g is acceleration due to the Earth’s grav-
ity, and h is flow depth. Fr represents the inertial state of a contin-
uum with respect to an external field (in this case, the Earth’s

gravity). For open-channel granular flows, Fr can be invoked to
differentiate between inertial and gravitational behaviour and
compare flows at different scales for dynamic similarity. Flows are
dominated by inertial force for Fr > 10, gravity for Fr < 0.1, and a
mixture of the two for 0.1 < Fr < 10 (Faug 2015). Of course, other
pertinent considerations include the solid volume fraction
(Armanini et al. 2011, 2014; Armanini 2015) and the ratio between
grain diameter and flow depth �/h (Armanini 2015).

Fr governs the pileup height and impact pressure for flows im-
pacting structures (Hübl et al. 2009; Armanini et al. 2011; Cui et al.
2015; Choi et al. 2015). Hákonardóttir et al. (2003) proposed an
equation for granular flows impacting a rigid barrier considering
a shockwave upstream
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where � is bulk density and subscripts u and d indicate “up-
stream” and “downstream”, respectively. Equation (2) accounts
for change in flow depth and density after impact. Impact pres-
sure is most commonly estimated using the hydrodynamic ap-
proach (eq. (3)), because of its simplicity and because its
parameters are easy to obtain (Hübl et al. 2009)

(3) P � ��U2

where � is a coefficient accounting for the assumptions and sim-
plifications made in eq. (3). A value of unity for � indicates the
momentum of the flow is completely lost upon impact, while a
value of 2 assumes the momentum rebounds in the opposite di-
rection at an equal magnitude. In engineering practice, values
quoted for � may also incorporate variation in impact pressure
due to barrier flexibility or peculiarities of flow composition to
ensure a conservative design (Ng et al. 2017b). The right-hand-side,
without �, is the numerator of Fr. An alternative equation for
impact force incorporating the effects of density and depth
change, as well as an upstream shockwave, was proposed by
Albaba et al. (2018). Equation (4) is a slightly simplified form
thereof (with coefficients equal to unity not written)

(4) P �
F

huB
� �1 �
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2��ughu cos�

where B is the channel width; Ū is the depth-averaged upstream
flow velocity; � is the channel inclination; and 	 ′ is the internal
friction angle of the granular material. Notably, Fr appears di-
rectly.

A challenge for engineers is that many flow-type landslides are
unsteady, having a wedge-shaped front (e.g., Gray et al. 2003; Choi
et al. 2015, 2016) (Fig. 1). Quantities that affect Fr such as U and h

thus vary longitudinally, causing Fr to vary; indeed, Fr is infinite at
the tips and decreases towards the centre of the flow. The Froude
number affects both the runup height and the impact pressure on
a barrier. However, researchers fail to agree on what part of the
flow is the most relevant for characterizing the runup height or
impact pressure.

Choi et al. (2014a) characterized the Froude conditions for open
channel sand flows before carrying out a series of scaled experi-
ments to determine the effectiveness of baffle arrays (Choi et al.
2014a, 2014b) at reducing flow energy. The flow depth was taken as
the maximum registered by an overhead laser sensor, whilst the
flow velocity was taken as the maximum from the frontal wedge
obtained from particle imaging velocimetry (White et al. 2003).
Cui et al. (2015) characterized the Froude conditions for flows
comprising a mixture of solids and liquids at an unspecified point
somewhere in the flow front. The method used was similar to that
of Choi et al. (2015). (The goal of the experiments was to determine
force distribution on a single instrumented baffle; it was found
that larger particles tend to gather at the flow head.)

In contrast to the previous two studies, Choi et al. (2016) took
the depth-averaged velocity at the thickest part of the flow to
determine the Froude conditions, before carrying out a series of
tests investigating dry granular flows impacting a slit-dam. A
range of channel inclinations were investigated; it was found Fr
governed several aspects of interaction between the flow and slit-
dam (e.g., the pileup height at the slit-dam). Eu et al. (2017) char-
acterized the velocity and flow depth for mixed open-channel
flows using cameras facing different directions; the point within
the flows at which these quantities were measured was not spec-
ified. Vagnon and Segalini (2016) determined the flow depth at the
point before impact on the rigid barrier using ultrasound sensors.
The flow velocity was back-calculated from the time interval be-
tween the ultrasound sensors detecting flow material and the
rigid barrier detecting impact. The velocity and depth were thus
not determined in the same position, and the point on the wedge
at which the depth was calculated was not stated. Scheidl et al.
(2013) characterized Froude conditions for both laboratory-scale
and prototype flows based on the maximum surface velocity and
maximum flow thickness, which are unlikely to have occurred at
the same point. (The goal of the study was to study the pressure
distribution on a rigid structure due to flows comprising both
solids and liquids; existing impact models were evaluated as a
result of the research.)

Other estimates of Fr for prototype flows (e.g., Hübl et al. 2009;
Proske et al. 2011) suffer from a similar lack of clear characteriza-
tion criteria, so it is difficult to meaningfully make comparisons
between studies.

This paper aims to determine what characterization criteria
should be adopted for flows. A discrete element method (DEM)
model is calibrated against a physical flume test using dry granu-
lar material. The DEM model implementation used is LIGGGHTS
(Kloss and Goniva 2010; Law 2015). The results from 84 open-
channel and two rigid barrier simulations are presented. The
channel inclination is varied to alter Fr. Using the computed im-
pact force, as well as the final flow depth and density, the equiv-
alent Fr are back-calculated using eqs. (2)–(4), to determine an
appropriate method for characterizing Fr. As grain diameter is
also important for open-channel flow dynamics (Armanini 2015), a
parametric study on the influence of grain diameter on Fr is then
carried out.

Physical and numerical modelling
A physical test was carried out using a flume with dimensions of

6.0 m × 0.2 m × 0.5 m (length × width × depth) (Choi et al. 2016)
(Fig. 2). Uniformly sized glass spheres were inserted into a storage
section at the upstream end of the flume. A spring-loaded gate
retained material until dam-break. The dimensions of the numer-

Fig. 1. Schematic of wedge-shaped flow front. [Colour online.]

Ng et al. 1969
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ical model were identical to the physical one, with the flume
boundaries and gate modelled as rigid planes.

Model preparation and testing procedures: physical tests
A total mass of 40 kg of glass spheres was inserted into the

storage area. Where appropriate, the barrier was installed inside
the flume 900 mm downstream from the gate. The flume was then
inclined using an overhead crane. A high-speed Prosilica GE640
camera facing the side wall of the flume, filming at 300 frames per
second (fps) and at a resolution of 1500 × 1000 pixels was initiated.
The gate was then opened.

Model preparation and testing procedures: DEM model
tests

In the DEM model, a single rigid plane was used to model the
rigid barrier (Fig. 2b). Discrete elements were generated randomly
inside the storage area and allowed to settle. The number of grains
N was similar to that of those in the physical experiments. N was
back-calculated based on the radius of the grains, their density as
well as their total mass M:

(5) N �
combined volume of all grains

volume of individual grain
�

M/�


�3/6

After the system came to rest, the direction of gravity was ro-
tated to simulate inclining the flume. The system was again al-
lowed to come to rest. The gate then swung open, allowing
material to flow downstream. Table 1 summarizes DEM model
input parameters; Appendix A details how the coefficient of res-
titution was characterized. The friction angle between the par-
ticles and boundaries was characterized in Choi et al. (2016),
whilst the intergrain friction angle was treated as the lone
unknown parameter for the DEM model simulations. A coeffi-
cient of 0.36 was found to give an acceptable match between
physical and simulated data.

Computation of flow properties
The Froude conditions Fr for the open-channel numerical sim-

ulations were obtained from a measuring volume located 0.8 m
downstream. The dimensions of this measuring volume were

Fig. 2. (a) Top-down image of physical flume; (b) plan-view schematic of both physical flume and DEM model; (c) side-view schematic of both
physical flume and DEM model. [Colour online.]
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0.1 m by 0.2 m (downstream by cross-stream). At each timestep, a
value of Fr was calculated for each grain within the (stationary)
volume, and an average of all the grains within the volume was
then taken

(6) Fr �
1
N �

i�1

N
Ui

�ghi

where N is the number of grains in the measuring volume. The
vertical position of each grain was adopted as the height hi. For the
tests including the rigid barrier, the pileup height was calculated
as double the mean height of the grains

(7) hd �
2
N �

i�1

N

hi

The pileup height was measured using a measuring volume
placed directly upstream of the closed rigid barrier. The measur-
ing volume was infinitely tall and wide, and had a length of 50 mm
in the longitudinal direction to ensure a sufficiently large sample
of grains were considered. The solid volume fraction was obtained
using eq. (8a); the bulk density � (either upstream, �u, or down-
stream, �d) was obtained using eq. (8b)

(8a) � �
N
�3

6LshB

(8b) � � ��m

where Ls is the length of the measuring volume. Pressure on the
barrier was extracted from the reaction force on the barrier itself,
so the measuring volume for pressure enveloped just the up-
stream face of the barrier. Pressure was calculated at each
timestep as

(9) P �
1

hdB �
i�1

N

Fi

where hd is the depth of the impacting flow, B is the width of the
channel, and Fi is the force measured on the closed rigid barrier.

Test programme
A physical test at an inclination of 30° with a rigid barrier was

performed. Two DEM model simulations with a rigid barrier (at
14° and 30°) and four in an open channel (at 14°, 22°, 30°, and 38°)
were performed using spheres of diameter 10 mm. A further 80
simulations were run using grain diameters from 12 to 50 mm for
the same four channel inclinations. Table 2 summarizes the test
programme.

Calibration: comparison of physical and computed flow
kinematics

Figure 3 shows a comparison of the observed (left) and com-
puted (right) flow kinematics. The purpose of this exercise was to
assess the reliability of the DEM model simulation. Specifically,
the ability of the DEM model to capture the impact kinematics
and pileup height was assessed. Load cells were not installed on
the barrier, so a direct comparison of pressure obtained from the
physical experiment and DEM model simulations was not made.

Time t = 0.0 s (Fig. 3a) shows the flow approaching the barrier.
The flow is wedge shaped (e.g., Gray et al. 2003; Cageao 2014; Choi
et al. 2015, 2016). The flow has impacted the barrier at t = 0.2 s
(Fig. 3b) and runs up the barrier (Choi et al. 2015, 2016). From t =
0.4–0.8 s (Figs. 3c–3e), pileup develops in front of the barrier, with
the profile of the flow becoming progressively triangular. The
impact kinematics are qualitatively matched by the numerical
simulation at each time-step, substantiating the input parameters
adopted.

Interpretation of results

Evolution of Froude conditions for open-channel flows
Figure 4a shows Fr (ordinate) along the normalized length of an

open-channel flow L (abscissa, where zero and unity indicate the
flow head and tail, respectively). Four channel inclinations are
shown: 14°, 22°, 30°, and 38°. Reference regions demarcating su-
percritical Fr and a transition region (Faug 2015) are also shown.

The Froude conditions increase with channel inclination
(Choi et al. 2015, 2016) along the entire length of the flow.
Increasing the channel inclination causes a larger conversion
of gravitational potential energy to kinetic energy per horizon-
tal unit length, thus increasing the numerator of Fr. Further-
more, for all channel inclinations, Fr drops sharply along the
first 10% of the flow. For � = 38°, Fr drops from 16 to 8 over this
distance, a reduction of 50%. A similar reduction is observed for
the other inclinations. The drastic drop is attributed to the
wedge-shape profile of the flow front.

Fr levels off for all four inclinations at about L = 0.25, and a
minimum is reached near the longitudinal centre (L = 0.5). At the
longitudinal centre, the depth-averaged velocity tends to be at a
minimum. Fr gradually increases near the tail of the flow
(0.75 < L < 1), because the flow tail tends to thin out.

Flow density affects both pileup height (eq. (2); Hákonardóttir
et al. 2003) and impact pressure (eq. (3); Albaba et al. 2018).
Figure 4b shows the solid volume fraction and bulk density on the
ordinate and L on the abscissa. The decrease in Fr observed along
the front of the flow (Fig. 4a) is accompanied by an increase in
the bulk density. This suggests that the impact pressure as
calculated using eq. (3) may be subject to competition between
varying Fr and �.

As Fr varies enormously along the length of the flow (L), values
often quoted for Fr for different flows are unlikely to be directly
comparable. Even a small variation in L at which velocity and flow
depth are sampled can lead to a large difference in the Fr com-
puted. Calculated predictions for pileup height and impact pres-
sure (eqs. (2) and (3)) are potentially very inaccurate, necessitating

Table 1. Numerical parameters.

Parameter Flume
DEM
model Source

Particle diameter (m) 0.01 0.01 Measured
Total mass (kg) 40 40 Measured
Material density (kg/m3) 2650 2650 Measured
Coefficient of restitution 0.76 0.76 Measured
Intergrain friction coefficient — 0.36 Calibrated
Grain–boundary friction coefficient 0.28 0.28 Measured
Young’s modulus (N/m2) — 108 Law 2015
Contact model — Hertzian Law 2015
Timestep (s) — 5×10–6 Law 2015

Table 2. Numerical test program.

Test ID
Transverse
blockage

Channel
inclination (°)

Grain
size (mm)

T0C14 0 14 10, 12, 14 … 46, 48, 50
T0C22 0 22 10, 12, 14 … 46, 48, 50
T0C30 0 30 10, 12, 14 … 46, 48, 50
T0C38 0 38 10, 12, 14 … 46, 48, 50
T1C14 1 14 10
T1C30* 1 30 10

*Both physical and DEM model tests performed.

Ng et al. 1971
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a systematic approach for characterizing Fr. The following subsec-
tion shows the computed pressure, pileup height, and density
change for flows impacting a rigid barrier. Thereafter, both the
value of Fr and the longitudinal position at which it occurs are
back-calculated using computed pileup height and impact pres-
sure.

Pressure, pileup height, and density change for flows
impacting rigid barrier

Figures 5a–5c show the change in impact pressure, pileup
height, and bulk density (y-axis) with time (x-axis). These quanti-
ties are necessary to back-calculate Fr using eqs. (2)–(4). Two sets of
data are shown for channel inclinations of 14° and 30°.

Fig. 3. Calibration of physical (left) and numerical (right) kinematics: (a) t = 0.0 s; (b) t = 0.2 s; (c) t = 0.4 s; (d) t = 0.6 s; (e) t = 0.8 s.

1972 Can. Geotech. J. Vol. 56, 2019
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Figure 5a shows impact pressure. The inset is a zoomed-in version
of the first 0.2 s of impact. Reference lines obtained from the hy-
drodynamic equation (eq. (3); Hübl et al. 2009) assuming � to be unity
are also shown. The highest impact pressure is observed for both
flows within the first 0.1 s. Several peaks are observed for both cases,
similar to Cui et al. (2015) and Ng et al. (2017b). Figure 5b shows pileup
height, as computed using eq. (7). The pileup height linearly in-
creases for both flows, reaching a maximum height as the impact
pressure reaches equilibrium. Figure 5c shows the bulk density,
which also reaches a maximum at the same time as the pileup depth.

Back-calculated Fr from pileup
Equation (2) includes the upstream Froude conditions Fr, the

change in flow density �d/�u, and the change in flow depth hd/hu

after collision with the rigid barrier. The final pileup height hd and
final density �d at the barrier were extracted using the calibrated
DEM model. Fr, �u, and hu were extracted from an equivalent
open-channel flow within the measuring volume at each
timestep, and input into eq. (2). The part of the flow that provided
the best fit with the measured pileup height was then determined.
The data points were not gathered at the same time: data points
corresponding to the front of the flow were obtained before data
points at the tail, as the measuring volume was static.

Figure 6 shows the predicted normalized pileup height on the
y-axis and Fr on the x-axis. The predicted normalized pileup height
comes from eq. (2), an analytic solution for the pileup height,
using input parameters from the DEM model. The supercritical

Fig. 4. Evolution of (a) open-channel Froude conditions and (b) open-channel solid volume fraction (equivalently bulk density).

Ng et al. 1973
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and transitional regions are shown (Faug 2015). DEM model data
for inclinations of 14° and 30° are shown. The squares and crosses
demarcate slices of the flow, each slice being 5% of the total flow
length.

As shown in Fig. 4a, Fr is very large at the flow head, decreases
towards a minimum in the centre of the flow, and then tends to
increase again at the tail. This trend can be seen for both channel
inclinations. The initial increases in pileup height observed for

both flows are due to the rapidly increasing flow density (Figs. 4b
and 5c). The point at which eq. (2) best fulfills the measured pileup
height (Fig. 5b) is marked with a red circle for each line. The circles
both correspond to Fr of about 9, and both are found within the
first 5% of the flow.

This implies that current methods for characterizing Fr are un-
conservative and potentially dangerous. Adopting the maximum
flow thickness and velocity to characterize Fr (as in Scheidl et al.
2013) would lead to values of Fr much smaller than at the flow
front (Fig. 4a). This would lead to a severe underestimate of the
pileup height calculated using eq. (2) (Hákonardóttir et al. 2003),
causing potentially catastrophic overflow.

Back-calculated Fr from impact pressure
Figures 7a and 7b show the normalized calculated impact pres-

sure on a rigid barrier at each stage of an open-channel flow for
channel inclinations of 30° and 14°, respectively. The ordinate
shows the calculated pressure (using eqs. (3) and (4)) normalized
by that computed using the DEM model (as per eq. (9)). The ab-
scissa shows Fr. The pressure was calculated thrice: using eq. (3)
(Hübl et al. 2009), using � values of unity and 2, and using eq. (4)
(Albaba et al. 2018). A value of unity indicates the momentum of
the flow is completely lost upon impact, while a value of 2 as-
sumes the momentum rebounds in the opposite direction at an
equal magnitude. Correspondingly, � of 2 is the theoretical upper
bound. Of course, eq. (3) assumes a homogenous and uniform
flow, no frictional losses, and neglects the effects of gravity. Equa-
tion 4 considers density and height change during impact, as well
as the formation of a shockwave that travels upstream. Markers
are shown for each line and demarcate slices of the flow, as in
Fig. 6. The arrows indicate progression from the head of the flow
to the tail.

In Fig. 7a, the lines corresponding to the hydrodynamic equa-
tion start from a high Fr. The calculated impact pressure initially
increases as Fr decreases (implying this region is dominated by
increasing flow density; see Figs. 4b and 5c). The calculated impact

Fig. 5. For flow impacting rigid barrier on channel inclination of
14° and 30°, evolution of (a) impact pressure; (b) pileup height;
(c) solid volume fraction (equivalently bulk density).

Fig. 6. Evolution of predicted pileup height based on Froude
conditions and density at each point for an open-channel flow. The
data points correspond to portions of the flow, where each portion
is 5% of the total flow length (i.e., L/20), as indicated graphically in
the inset. As such, there are 20 data points for each line. No barrier
was included for these tests. [Colour online.]
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pressure then decreases with Fr until the centre of the flow, after
which Fr increases again (Fig. 4a). Only the � value of 2 intersects
the peak pressure obtained using the DEM model, implying that
an � of unity is insufficient for granular flows impacting rigid
barriers. This suggests that static deposition is a crucial consider-
ation in flow–structure interaction problems (Ng et al. 2017a). The
intersection occurs during the first 5% of the flow. The calculated
pressure using eq. (4) produces a sharper increase as Fr decreases
(than for eq. (3)), but also intersects the pressure obtained using
the DEM model during the first 5% of the flow. (Note: the data
points calculated using eq. (4) for the body of the flow are orders of
magnitude greater than the computed impact pressure. They are
thus omitted for clarity.) Similar trends can be observed for each
of the three lines plotted on Fig. 7b for the lower channel inclina-
tion of 14°, with the intersection occurring unambiguously within
the first 5% of the flow for eq. (3) with � = 2 and for eq. (4).

This again suggests that some of the methods used for charac-
terizing Fr are unconservative and potentially dangerous. Adopt-
ing anything but the frontal velocity and depth would cause a
severe underestimate in the Fr characterized (Fig. 4a). In turn, this
would lead to a misestimate of the impact force calculated using

either eqs. (3) or (4) (Hübl et al. 2009 and Albaba et al. 2018, respec-
tively). This could potentially cause catastrophic failure of the
barrier. Furthermore, even though eq. (4) explicitly states the con-
stituent parameters involved in impact dynamics, for engineering
practice, eq. (3) (Hübl et al. 2009) with � = 2 may be more appro-
priate than eq. (4) (Albaba et al. 2018). This is because fewer input
parameters are required, and because the pileup height and den-
sity change are not required a priori. It is also worth noting that a
wide range of values for � are reported for different flows, many of
which lie outside the theoretical upper bound of 2 (see Cui et al.
2015). The wide range of values is likely due in part to improper
characterization of flow velocity and density.

Parametric study on grain diameter
The previous section sought to identify which part of a flow

should be adopted for the characterization of Fr. A single grain
size was used, given that the calculation of Fr is independent of
grain size. However, as mentioned in the introduction, the ratio
�/h also influences flow dynamics for open-channel granular flows
(Armanini 2015). In this subsection, results from a parametric
study that was carried out to assess the influence of particle size
on Fr are presented.

Figure 8a shows Fr on the ordinate and the normalized position
along the flow L on the abscissa. Regions denoting transitional
and supercritical Froude conditions are indicated (Faug 2015).
Data corresponding to three numerical simulations with differing
values of �/B, and hence �/h, are shown. (The value of h is defined
at the thickest point of the flow.) The channel inclination is 30° for
each flow. The same general trend that was shown in Fig. 4a is also
observed here. For the three flows in Fig. 8a, Fr is highest at the
flow front and then diminishes to a minimum near the centre of
the flow. Fr then tends to increase again near the tail of the flow.

Interestingly, Fr decreases across the entire length of the flow as
the grain size �, and hence the ratio �/h, increases. The difference
is most pronounced at the head of the flow, with Frmax of 17 being
recorded for �/h = 0.14, and Frmax of 6 for �/h = 0.31. The difference
in Fr near the centre of the flow is much less.

The reason for this can be understood from Fig. 8b, in which
normalized energy is shown on the ordinate, and L on the ab-
scissa. Four lines corresponding to the kinetic and gravitational
potential energy in the flow, for two ratios of �/h (�/h = 0.14 and
0.31, respectively) are shown. The lines are the specific energy at
each point longitudinally along the flow normalized by the max-
imum energy recorded. This maximum energy occurred for the
kinetic energy for the larger value of �/h. For both flows, the
kinetic energy rapidly increases along the first part of the flow,
reaches a maximum, and then decreases nearly linearly. The grav-
itational potential energy follows a similar trend for both flows,
but the maxima are much less than for the kinetic energy. The
maximum kinetic energy for the larger value of �/h is around 20%
more than for the other case. However, the maximum gravita-
tional potential energy for �/h = 0.31 is about double that of �/h =
0.14. As the gravitational potential energy differs by proportion-
ately more, it tends to dominate the effects of kinetic energy on Fr,
hence the reduction in Fr as �/h increases, as shown in Fig. 8a.

It is worth noting that the total kinetic and gravitational energy
is higher for �/h = 0.31 than for �/h = 0.14, despite the initial grav-
itational potential energy being the same for both cases. This
difference in energy is due to there being fewer intergrain con-
tacts for the larger value of �/h. Furthermore, the inset in Fig. 8a
shows normalized total flow time on the ordinate and the ratio �/h
on the abscissa. The total flow time decreases as �/h increases;
from Fig. 8b, it can be inferred that this reduction in flow time is
primarily due to an increase in flow depth rather than an increase
in velocity.

Figure 8c shows the minimum Fr on the ordinate and the ratio
between grain diameter and maximum flow depth �/h on the
abscissa. The minimum Fr was adopted for this graph as it is more

Fig. 7. Normalized impact pressure calculated along length of flow.
(a) 30°; (b) 14°. [Colour online.]
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reliably characterized than that at the flow front; nonetheless,
minimum Fr is a reliable indicator of maximum Fr at the flow
front (Fig. 4a). As shown in Fig. 8a, an increase in the channel
inclination leads to an increase in Fr. For channel inclinations of
� = 22°, 30°, and 38°, there is a decrease in the minimum Fr as the
ratio �/h increases, as discussed in the previous paragraphs. By
contrast, a very slight increase in Frmin is observed for � = 14°,
which may be a product of the very low values of �/h for this
channel inclination.

Validity of findings
As stated in the introduction, characterizing Fr for unsteady

flows is difficult because it varies along the length of the flow. We
have therefore carried out a series of numerical simulations using
a calibrated DEM model and compared runup height and impact
pressure for a wide range of flows with predictions from analytical
formulae. Through this exercise, we have been able to identify the
part of the flow that governs runup and impact pressure, which is
a novel and important finding. The results from this study have
been shown to be reliable for the simplified flow cases simulated.
However, the effectiveness and reliability of these results for
more complex flows (e.g., those including a liquid phase) and
different scales warrants further investigation (Iverson 2015). This
is especially relevant given that the results from Fig. 8c demon-
strate that nonmacroscopic quantities can affect Fr.

Conclusions
The Froude number Fr is known to govern many aspects of

interaction between channelized granular flows and structures.
However, there has been little agreement in the literature about
how to characterize Fr for unsteady flows, where it varies substan-
tially along the length of the flow. The present study has sought to
clarify the part of the flow that should be adopted for character-
izing Fr.

Results from this study show that the front 5% of the flow gov-
erns both pileup height and peak impact pressure. Adopting the
maximum flow thickness and velocity instead (as in Scheidl et al.
2013) would lead to values of Fr much smaller than at the flow
front (Fig. 4a). Adopting such a procedure for characterizing Fr
could potentially lead to an underestimate of the peak impact
pressure or pileup height, because the relevant quantities for ve-
locity, density, and flow depth would be misestimated. Equiva-
lently, it is also possible that error in the characterized Fr may lead
to an incorrect back-calculated value for the impact coefficient �.
This can cause it to be inaccurate by as much as a factor of 2.

However, even though the frontmost part of the flow controls
pileup height and impact pressure, it is not practical to character-
ize Fr there given its extreme variation longitudinally at the flow
front (Fig. 4a). It may be more consistent characterization can be
achieved by taking Fr near the longitudinal centre of the flow
(where the depth is maximum). Calibration curves such as Fig. 4a
can then be used to extrapolate Fr at the front. This also implies
that open channel tests and simulations must be complimentary
to impact tests and simulations.
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List of symbols

B width of channel (m)
e coefficient of restitution
F impact force (kg·m/s2)

Fr Froude number
Frmax maximum Froude number
Frmin minimum Froude number

g acceleration due to Earth’s gravity (m/s2)
H height of rigid barrier
h flow depth (m)

hd downstream flow depth (at barrier) (m)
hdrop height from which grain is dropped (m)

hi vertical position of each grain (i = 1 to N)
hrebound height to which grain rebounds (m)

hu upstream flow depth (m)
L normalized longitudinal position along flow

Ls length of measuring volume (m)
M total mass of granular assembly
N number of grains
P impact pressure
t time (s)

U flow velocity (m/s)
Ū depth-averaged upstream flow velocity (m/s)

Uac particle velocity after collision with landing pad
Ubc particle velocity before collision with landing pad

Ui particle velocity for each grain (i = 1 to N)
� coefficient for impact pressure equation
� particle size (m)
� channel inclination (°)
� solid volume fraction
� bulk density (kg/m3)

�d downstream bulk density (kg/m3)
�m material density (kg/m3)
�u upstream bulk density (kg/m3)
	 ′ internal friction angle of granular material

Appendix A. Characterization of coefficient of
restitution

The coefficient of restitution characterizes the amount of en-
ergy dissipated during every collision within a flow (Zhou and Ng
2010). It is thus vital to characterize the coefficient of restitution
well to capture flow dynamics accurately. The coefficient of resti-
tution of a sample of glass spheres was determined using a series
of drop tests, using a specially designed apparatus (Fig. A1). A
pneumatically controlled clamp is used to hold and subsequently
release the glass sphere. A landing pad is placed directly beneath
the clamp. The landing pad is tightly screwed into the metal base,
such that it can be assumed to be rigid. A rigid transparent plate is
clamped in front of the pneumatic clamp and landing pad. This
plate is marked with lines spaced 50 mm apart to facilitate inter-
pretation of data. The base is supported on four adjustable feet;
the pneumatic clamp, the transparent plate, and the landing pad

Ng et al. 1977
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were all adjusted using a circular spirit level until they were per-
fectly level.

The 9.8 mm ball was dropped from the pneumatic clamp
10 times. A high-speed camera placed in front of the apparatus was
used to capture the maximum height to which the sphere re-
bounded. The coefficient of restitution was then computed for
each collision

(A1) e �
Uac

Ubc
�

�2ghrebound

�2ghdrop

� �hrebound

hdrop

where e is the coefficient of restitution, Ubc and Uac are the parti-
cle velocities before and after collision with the landing pad, re-
spectively; g is the acceleration due to the Earth’s gravity; hdrop
and hrebound are the maximum heights of the spheres before and
after collision with the landing pad, respectively. A mean and
standard deviation of the height to which the spheres bounced for
10 tests were taken. The coefficient of restitution was found to be
0.76 ± 0.01. This coefficient of restitution is relevant to both the
base and side walls of the flume, because they are made of the
same material. The coefficient of restitution was assumed to apply
to ball–ball contacts as well. Figure 3 suggests that this assump-
tion is reasonable, because the DEM model recreates strikingly
similar kinematics to the physical tests.

Fig. A1. Apparatus (“restitutor”) used to determine coefficient of
restitution for glass beads used in physical experiments. [Colour
online.]
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